A Comparison of Three Techniques to Determine the Nonlinear Ultrasonic Parameter β by Hurley, D. C. et al.
A COMPARISON OF THREE TECHNIQUES TODETERMINE 
THE NONLINEAR ULTRASONIC PARAMETER ß 
D. C. Hurley, W. T. Yost*, E. S. Boltz, and C. M. Fortunko 
National Institute of Standards & Technology 
325 Broadway 
Boulder, CO 80303 
*NASA Langley Research Center 
MallStop 231 
Hampton, VA 23665 
INTRODUCTION 
In this paper, we describe experiments to evaluate the use of a Iaser interferometer as 
a quantitative probe of nonlinear ultrasonic propagation. Although other detection methods 
for nonlinear ultrasonics have been in use for several years - most notably capacitive and 
piezoelectric receivers - interferometric detection provides advantages not available with 
these methods. The interferometer provides a direct means of absolute amplitude 
calibration, is noncontacting, possesses a wide bandwidth, requires less extensive sample 
preparation than the capacitive method, and affords excellent spatial resolution. 
Experirnentally, nonlinear ultrasonic behavior is manifested through the 
phenomenon of harmonic generation. A finite-amplitude ultrasonic tonehurst at frequency 
wo is launched on one side of the sample under examination. The wave detected on the other 
side of the sample contains a component of amplitude At at the fundamental frequency wo, a 
component of amplitude Az at the second harmonic frequency 2wo, and so on. As a measure 
of nonlinearity, it is standard to define the parameter ß as a combination of the second- and 
third-order elastic constants C;i and Cktm· For instance, ß =r 3 + (Gm/ Cu) for 
longitudinal waves in an isotropic solid. It can be shown that this irnplies [1] 
lßl- 8v2Az 
- w5zAt' 
(1) 
where v is the ultrasonic phase velocity and z is the sample thickness. Therefore, lßl may be 
determined experirnentally by measuring the absolute amplitudes of the fundamental and 
second harmonic displacements (At and A2) in a harmonic generation experirnent. 
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Wehave determined lßl for an isotropic fused silica (SiOz) sample using three 
detection methods: a Iaser interferometer, a capacitive receiver, and a piezoelectric 
transducer. This comparison of different methods, each subject to different sources of error, 
allowed us to validate the laser-interferometric approach. To obtain quantitative agreement 
between methods, we have found it necessary to include corrections for diffraction effects. 
LASER INTERFEROMETRlC DETECTION OF NONLINEAR ULTRASOUND 
Experimental Methods and Results 
Figure 1 shows a block diagram of the path-stabilized Michelsou interferometer used 
to measure the absolute amplitudes ofthe ultrasonic waves. A high-power, CW Nd:YAG 
Iaser is used as the Iaser source. The reference arm contains a piezoelectrically controlled 
mirror in a feedback loop to stabilize against low-frequency vibrations. Ultrasonic 
tonebursts are generated on one side of the sample, which acts as the other arm of the 
interferometer. The motion of the sample surface due to the impinging ultrasonic waves 
causes variations in the relative path lengths of the two arms. This in turn creates 
constructive and destructive interference of the light when it recombines. The time-varying 
light amplitude is converted to a voltage waveform by two fast photodiades connected 
differentially. The voltage waveform is amplified, captured with a digital oscilloscope, and 
then digitally notch-filtered in the frequency domain to obtain the amplitudes Ai and A2• 
Given a voltage waveform V(t), the ultrasonic amplitude A(t) is determined by [2] 
A(t) = .\V(t)' 
41!" Vpp 
(2) 
where ,\ is the Iaser wavelength and VPP is the full-scale response of the interferometer. (A 
factor of i is included to convert from surface to bulk displacements.) The calibration is 
achieved by driving the reference mirror with a low-frequency sine wave so that the mirror 
passes through multiple fringes, and recording the value of Vpp. 
A harmonic generation experiment is typically performed by launehing a relatively 
large-amplitude tonehurst wave into the sample and recording the transmitted wave detected 
at the surface by the interferometer. This is repeated for a series of amplitudes using stepped 
attenuators on the tonehurst output. As Eq. (1) indicates, ß may be determined from the 
slope of the line A2 vs. Ai. The measurement uncertainty can be included in the calculation 
of the uncertainty of ß by using a linear Ieast-squares fit with uncertainty in both x (Ai) and 
y (A2) [3]. (In our experiments, the phase of ß was not determined; references to ß mean the 
amplitude lßl.) Figure 2 shows data obtained with the interferometer for the fused silica 
sample. The estimated experiniental uncertainties in amplitude are JA I/ Ai = 0.03 and 
JAz/Az = 0.04. The slope of the line, combined with the sample thickness (19.15 ± 0.05 
mm), phase velocity (5.96 ± 0.02 km/s), and fundamental frequency (fo = w0 j21l" = 9.6 
MHz), yield an experimental value of ßzaser = 19.3 ± 0.6. 
Over the last 30 years, several authors have reported values for ß in fused silica 
using a variety oftechniques [ 4-9]. Values for ß range from approximately 10 to 14. To 
understand the discrepancy between these values and our initial result (ß = 19.3), we have 
studied the transverse profiles of Ai and Az. These spatial profiles, shown in Fig. 3, reveal 
that diffraction is a significant effect. Since the expression for ß in Eq. (1) was developed 
for plane waves, it may be insufficient to interpret the Iaser-interferometer results. The plot 
also indicates that the second-harmonic field is narrower; in fact, the second harmonic 
amplitude is proportional to Ai. 
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Figure 2. Second harmonic amplitude A2 versus the square of the fundamental amplitude 
At in fused silica, detected with the Michelson interferometer. Experimentalparametersare 
given in the text. The dotted line represents the least-squares-fit line to the data. The 
measurement uncertainties b"At and 8A2 are indicated by the error bars. 
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Figure 3. Spatial profile of displacement amplitudes as detected with the laser 
interferometer. The amplitudes of the fundamental (A1 ) and second harmonic (A2) are 
individually normalized to their maximum amplitudes. 
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Diffraction Correction to Laser-Interferometer Results 
To account for diffraction effects, we use the theory of Kunitsyn and Rudenko [ 1 0] 
for the near-field, on-axis amplitude as a function of distance z from the source: 
IA1(z)l = 2A?I sin(x/4)1, and 
IA2(z)l = ~~ lloz [AI(z- o-/2)]2 do-l, 
where x = ka2 / z is deterrnined by the uhrasonie wavevector k = w / v, the transmit 
transducer radius a, and the sample thickness z. AY and A~ indicate the plane-wave 
amplitudes of the fundamental and second harmonic, respectively. U sing this model, we 
obtain ßfaser = 14.0 ± 0.6, which falls at the high end of the previously reported values. 
COMPARISON WITH OTHER METHODS 
Capacitive Detection Method 
(3) 
(4) 
To validate the laser-interferometer results, we have deterrnined ß for the same 
sample using capacitive detection. In this "classic" nonlinear method, the sample acts as one 
side of a capacitor. Ultrasonic vibrations of the surface cause variations in the capacitor gap 
spacing and hence in the voltage Vaut ( t) across the capacitor. A schematic of the 
experimental apparatus [11] is shown in Fig. 4. The displacement amplitude is given by 
IA(t)l = d~~(t), (5) 
where d is the equilibrium gap spacing and Vo is the capacitor bias voltage. The calibration 
involves replacing the capacitive detector with an equivalent circuit and using a 
high-accuracy function generator to obtain the scaling relation between the capacitor voltage 
Vaut and the voltage Vmeas measured at the oscilloscope. The spacing d is deterrnined using 
a capacitance meter. With this approach, the sample must be conductive or have a 
conductive film applied. Also, the sample should be optically ftat over the receiver area 
(typically 1.3 cm2), since the gap spacing is usually 1-5 11m. The estimated uncertainty in 
amplitude for this technique is JA/ A = 0.03. Using the same fused silica sample (f0 = 5.0 
MHz), the least-squares fit to our data yields ßcapac = 12.6 ± 0.4. This value falls in the 
middle of the previously reported values of ß, although it agrees only moderately with the 
laser-interferometer value. 
Piezoelectric Detection Method 
We have also determined ß for the fused silica sample with a piezoelectric detection 
method [8,12]. Figure 5 shows the apparatus schematically. In this case, the displacement 
amplitude as a function of frequency is deterrnined through the relation 
IA(w)l = II(w)IIH(w)l, (6) 
where I ( w) is the current across the receiver transducer, and H ( w) is a calibration function. 
The calibration requires an independent pulse-echo experiment in which the current and 
voltage l;n(t), I out( t), Vin(t), and Vout( t) into and out of the transducer are obtained. Then 
H ( w) can be determined by 
2 ID(z,w)ljVin(w) + l;n(w) [V.Iout((w))JI IH(w)l = out w 
2w2pv7rbZIIout(w)l . (7) 
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Fig. 5. Block diagram of apparatus for piezoelectric detection of nonlinear ultrasound. 
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Here p is the sample density and b is the radius of the receiver transducer. The effects of 
diffraction \D(z, w)! [13] for the round-trip calibration arealso be included. The estimated 
uncertainty in amplitude measurement is oAI A = 0.04. Using this approach, we obtain an 
experimental value ßpiezo = 14.4 ± 0.6 (f0 = 9.8 MHz). This result agrees only moderately 
with the other results and the literature values. 
Diffraction Corrections to ß 
Since diffraction played a significant role in the interpretation of the Iaser 
interferometer data, one might wonder if the same is true for the other detection methods. 
Historically, the effect of diffraction is not included in the calculation of ß, because 
experiments typically use large transducers and work in the near field. We define a 
diffraction correction I D ß I to ß as 
!Dß!- \D(wo,z)f 
- \D(2wo, z)\' (8) 
in which \D(wo)\ and \D(2w0 )\ are the diffraction corrections for the fundamental and 
second harmonic waves, respectively. For the fundamental, scalar diffraction theory may be 
used. Ifboth the transmit and receive sensors are the same size (that is, a = b), as in the case 
of our capacitive experiment, then [13] 
\D(wo, z)f = [cos(x)- Jo(x)f + [sin(x)- J1(xW, (9) 
where x = ka2 1 z as in Eqs. 2 and 3. If the transmitter and receiver are not the same size, as 
in the piezoelectric detector case, then \D(w)\ can be evaluated by [14] 
D( ) · zla" ivsJI(rys)d wo,z =17] e -- s, 
0 7]S 
(10) 
where x = ka2 I z, 77 = b I a is the ratio of sensor diameters, and v = ( 1 + ry2) 12. 
However, these expressions are not valid for the diffraction of the second harmonic. 
Wehave extended the theory of Ingenito and Williams [15] to obtain an expression for the 
total diffraction correction to ß: 
!Dß! = z\D(wo,z)f 2 
\ foz [D(wo, z- o"/2)] da\ (11) 
Using this modeland our experimental data, we have calculated revised values for ß. 
Table I summarizes our results. The table shows that the calculated diffraction correction is 
small for both the piezoelectric and capacitive experiments, but not for the interferometer. 
With these corrections, all three results are in reasonable agreement with one another as weil 
as the literature values of 10 to 14 for ß. 
Table I. Summary of experimental results for ß in fused silica 
detection method a(mm) b(mm) !ß! (raw) \Dß\ !ß!' (corrected) 
Iaserinterferometer 2.42 19.3 ± 0.6 0.723 14.0 ±0.6 
capacitive 6.35 6.35 12.6 ± 0.4 0.950 12.0 ± 0.4 
piezoelectric 6.35 6.31 14.4 ± 0.6 0.972 14.0 ± 0.6 
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SUMMARY 
In this paper, we have quantitatively evaluated a Michelson interferometer for use in 
nonlinear ultrasonic measurements. In the course of the evaluation, we determined the 
nonlinearity parameter ß in the same fused silica sample using three detection methods: the 
Iaser interferometer, a capacitive receiver, and a piezoelectric transducer. To correct ß for 
diffraction effects, we have developed an expression which accounts for the diffraction of 
both the fundamental and the second harmonic waves. With the apparatus used for the 
interferometric experiments, diffraction is a significant effect. When diffraction corrections 
are applied to the experimental results, ß' is in good agreement with values cited in the 
literature. Our comparison gives us confidence in using laser-interferometric techniques as a 
reliable method to study nonlinear ultrasonic wave propagation. 
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